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Abstract 

We study partition function of four-dimensional M = 1 supersymmetric field theory 
on T'^xS^. By applying supersymmetry localization, we show that the x 5^ partition 
function is given by elliptic genus of certain two-dimensional M = (0, 2) theory. As 
an application, we discuss a relation between 4d Seiberg duality duality and 2d (0, 2) 
triality, proposed by Gadde, Gukov and Putrov. In other examples, we identify 4d 
theories giving elliptic genera of K3, M-strings and E-strings. In the example of K3, 
we find that there are two 4d theories giving the elliptic genus of K3. This would imply 
new four-dimensional duality. 
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1 Introduction 


Two-dimensional conformal held theories (CFTs) have inhnite dimensional symmetry while 
higher dimensional conformal symmetry is hnite dimensional. This is one of reasons why 
higher dimensional CFTs are less under control compared to the 2d CFTs. It would be nice if 
some classes of higher dimensional CFTs are related to 2d CFTs in some ways. In this paper, 
we illustrate that some observables in 4d A/" = 1 supersymmetric gauge theory at infrared 
hxed point are described by 2d CFTs. Specihcally we study partition function of 4d A/" = 1 
supersymmetric gauge theory with R-symmetry on x When we impose appropriate 
boundary conditions, this partition function is interpreted as the following supersymmetric 
index [1] 


Zt^xS'^ — Tr 




Fa 


( 1 . 1 ) 


a 


where F is Fermion number, P is momentum along spatial of T^, is angular momentum 
along and is havor charge. This index formula is reminiscent of elliptic genus 


Zx '2 = Tr 


R 




= Tr 


R 


i)vn*. 


Fa 


( 1 , 2 ) 
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which is equivalent to partition function of supersymmetric theory on with appropriate 
boundary conditions. Indeed, the work [1] has shown that the partition function on x 
for theories only with chiral multiplets is exactly the same as elliptic genus of certain J\f = 
(0, 2) theory if we identify in the 4d with a flavor symmetry in the 2d. Here we show that 
this is true also for theories including vector multipleto by using supersymmetry localization 
[3j. Namely we will find that the partition function of 4d AA = 1 supersymmetric gauge 
theory on x 3“^ is exactly the same as the one of certain 2d J\f = (0, 2) supersymmetric 
gauge theory on T^, which has been recently studied well in [U [5l E]. By using the recent 
result on the elliptic genus, we find that the x partition function is described by 
Jefferey-Kirwan residue formula as in [1], 


^T'^xS'^ |1H| ^ ^ (Q('lt*), 77 ) Zi—\QQp(^T, U, (T, 




(1.3) 


where we will give several definitions in next section. 

Our result shows that if we consider certain 4d supersymmetric gauge theory on x 
then we have corresponding 2d supersymmetric gauge theory on T^, which gives the same 
partition function. This fact enables us to find nontrivial relations between properties of 4d 
and 2d supersymmetric gauge theories. For instance, we will discuss that (0, 2) triality [7] 
in two dimensions, proposed by Gadde-Gukov-Putrov, comes from 4d Seiberg duality [S]. In 
other examples, we identify 4d theories giving elliptic genera of K3, M-strings and E-strings. 
In the example of K3, we find that there are two 4d theories giving the elliptic genus of K3. 
This would imply new four-dimensional duality. 

This paper is organized as follows. In section [2], we summarize our formula on supersym¬ 
metric partition function on x S"^. In sectional we construct 4d AA = 1 supersymmetric 
theory on x This section is almost review of the previous works [BEiEn]. In section 
m we show that the supersymmetric partition function on x S'^ is equivalent to elliptic 
genus of certain 2d Af = (0,2) theory. In section |5l we discuss extended supersymmetric 
cases. In section El we give several interesting examples. Section [7] is devoted to conclusion 
and discussions. 


Note added 

When our paper was ready for submission to the arXiv, there appeared a paper m which 
has some overlaps with ours. 

^ Although the authors of [2] also discussed this case, they did not obtain final expression of the partition 
function on x 5”^. More concretely, localization locus in our setup is labeled by holonomies along and 
gaugino zero modes. Hence the partition function is given by integration over the holonomies and gaugino 
zero modes, and we need to determine the integral contour. However, their analysis ignored the gaugino 
zero modes and did not reach to final result. Here we obtain final formula for the partition function by fully 
taking into account the localization locus including the gaugino zero modes. 
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2 Summary of our main result 


In this section we snmmarize our formula of partition function of 4d AA = 1 supersymmetric 
gauge theory on x 8“^. If we take appropriate boundary conditions, then this partition 
function is denoted as the supersymmetric index [1] 


Zt^xs^ — Tr 




which we will derive in sec. 13.51 The parameters q, x and ta are given by 


q = e 


27riT 


X = e 


27ri(7 


f — 

^ 5 


( 2 . 1 ) 


where (r, a) and are complex structures of x and fugacity of flavor symmetry under 
consideration, respectively. Then we will show that the partition function on x 8“^ is given 
by dH 

^T'^xS'^ jyj^l ^ ^ JKReS^(=^(^ (Q('U^i), 7]) .^i_ioop('7', it, cr, i^q). 


u,eM* 


where |IT| is the order of the Weyl group of gauge group G. Several definitions are in order. 
First Zi_ioop is roughly one-loop determinant around saddle point of localization and u is 
left-moving component of a holonomy along T^, which takes values in Cartan subalgebra of 
the gauge group. As we will see, we can rewrite Zi_ioop as a product of one-loop determinants 
of 2d A/" = (0,2) multiplets on with charges Q(u) and fugacities a,^a of certain flavor 
symmetries. Adtj^g is set of poles of Zi_ioop satisfying certain conditions. We will also explain 
these more precisely in next subsection. 

JKReSu=u^.(Q(u*), "q) denotes a residue operation called the Jeffrey-Kirwan (JK) residue 
[niiii, which will be defined in sec. 12.21 The parameter rj takes values in the dual space of 
Cartan subalgebra and we have a freedom to take rj in arbitrary nonzero values. Although 
the each term in the summand depends on rj, we can show that the total expression is 
independent of choice of r]. 


2.1 One-loop determinant and singularities 

Here we explain our formula for one-loop determinant in detail. We denote Zi_\oop as 

^i- 1 oop(a m, a, ia) = Zv{t, u) JJ Z^\t, m, a, (2.2) 

i 

where Zy is the contribution from 4d A/" = 1 vector multiplet while is the one of 4d 
AA = 1 chiral multiplet with the representation R* of G and magnetic charge r*. The chiral 
multiplets on x 8"^ generally have the magnetic charge because we need R-symmetry 
background gauge held with monopole conhguration in order to keep supersymmetry 
We can also turn on magnetic background gauge held of havor symmetry with integer hux 
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g as explained in sec. 13.41 Hence if the chiral multiplet has R-charge r and flavor charge g/, 
and turn on the magnetic flux g of flavor symmetry, then the magnetic charge r is given by 


r = r 


Qf9, 


(2.3) 


which should be integer in order to satisfy quantization condition for the magnetic flux on 
The contribution from the vector multiplet with gauge groupB G is simply given by 

G 


Zv{t,u) = 


27rr7^(g)y'^' tt iGi{T\a{u)) 


n 


v{q) 


dtla') 


(2.4) 


where |G| and a are the rank and root of the gauge group G, respectively. Note that this is 
exactly the same as the contribution coming from 2d J\f = (0, 2) vector multiplet in elliptic 
genus formula. The contribution from the chiral multiplet depends on the magnetic charge: 


T-l 


^^\T,u,a,Q = 


nm=-|+i ^A,R(r, M, ma + qjQ for r > 1 
1 for r = 1 


|r| 


(2.5) 


n+for r < 1 


where ^a,r and 2’$ r are the same as contributions from 2d A/” = (0, 2) Fermi and chiral 
multiplets, respectively. These are explicitly given by 

iei{T\p{u) + y) ^ ^ TT 


ZA^n{T,u,y) = JJ 

pGR 


ri{q) 


Z^^B.{r,u,y) = Y[ 


peR 


9l(T|p(ti) +y)' 


( 2 , 6 ) 


When we have chiral multiplets with r > 1, the one-loop determinant has poles. These 
poles are dehned as hyperplanes in Denoting such hyperplane from each as Hi, 

the hyper plane Hi is given by 

Hi = {pi{u) + Ki{^) = d (modZ-FrZ)}, (2.7) 

where Ki is weight of flavor symmetry group. Using Hi, we dehne the singular hyperplane 


Msing = y^iHi, ( 2 . 8 ) 

and the set of points in Aiging- 

Allnj = {«. G A4smg|at least |G| linearly independent H/s meet at m*} (2.9) 

It is convenient to introduce the set Q(m*) of charges for given m* G AT^g by 

Q(m*) = {pi\u^ e Hi). (2.10) 

For a technical reason, we assume that the set Q(m*) is contained in a half-space of the weight 
space. This condition is called projective [TT]. If the number of hyperplanes intersecting at 
M* is |G|, then the hyperplane arrangement is always projective. Also, even if it is not 
projective, we can usually deform fugacities to reduce the number of hyperplanes at m* and 
make the arrangement projective. 

^ For simplicity, we assume that non-Abelian part of G is simply-connected. 
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2.2 Jefferey-Kirwan residue formula 

Here we explain the Jefferey-Kirwan residne operation for projective hyperplane arrange¬ 
ment. Snppose that n linearly independent hyperplanes Hi’s meet at§| m = 0: 

Hi = [u e = Q] , ( 2 . 11 ) 


where z = 1, • • • ,n. If this hyperplane arrangement is projective, then JK residue operation 
is dehned by 


JKHes^^Q {C^ ^, 


v) 


dui A • • • A du\G\ 

Qji ■ ■ ■ Qj\G\ (^) 


|det(Qjj^, • • • )Qj|(3|)| 
0 


-1 


if r; e Cone(Qj,,--- ,Qj|c|) 
otherwise 


( 2 . 12 ) 


where Qi is the vector, whose a-th component is given by coefficient of Ua- 
For rank-1 case, the JK residue formula is especially simpler: 


du /sign(g) if > 0 

JKRes„=o {?},?? — = j . .. 

u y 0 if < 0 


(2.13) 


Then the partition function is given by 


Zt^xS^ — 


|1K| 


V — 

f ^ O'rri 


■^1—loop 


V — 

< ^ O'rr't 


,,, - |1F| ^ 

“+e>lsJng 


^1- 


loop) 


(2,14) 


where points in AJ*ng coming from charges ± of the gauge group. 


-sing 


3 Four-dimensional AT = 

In this section, we reviev0 a construction 
[T] and discuss some of its properties. 

3.1 X 

3.1.1 Definition and complex structures 

In this paper we study supersymmetric gauge theory on x S^. We regard this space 
as a quotient one of C x Denoting w and as the complex coordinates of C and 3“^, 
respectively, we dehne x as the following identihcation; 

{w, z)^ {w + 271, ~ (w + 27rr, (3.1) 

^ We can repeat similar argument for generic rt* just by shifting the coordinates. 

We mainly follow a notation of m- 


1 theory on x S‘^ 

of 4d A/" = 1 supersymmetric theory on x S‘^ 
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where r = ri + iT 2 is the modular parameter of and (a, (3) are real parameters with 
identifications a~a + l,/5~/3 + l. We also introduce 


a = ra — (3. 


(3.2) 


There are two complex structure moduli r, a, and we have the choice up to symmetries 
generated by 


S: (r,cT) ^ T: (r, a) ^ (r + 1, a), 

U: (r, a) I-)-(r, a + r), V: (r, a) (r, a + 1). 


The metric and frames on x are given bjo 

4 


ds^ = dwdw + 


dzdz, = dw, = 


(1 + ZzY ' 1 + 1^1 

It is sometimes convenient to use real coordinates [x^y) and (6*,<p): 

w = 0)4 + rxs, ^ = tan 


-dz. 


(3.3) 


(3.4) 


(3.5) 


Then the metric and frames become 


ds^ = {dxi + TidxsY + T^dxl + dO'^ + sin^ 9{dy} + adx^ + /Sdxs)^, 

e^ = dxi + Tdx^, + ism.9{dip + adx4^ +I3dx^). (3.6) 


3.1.2 T2 X ^2 as a supersymmetric background 

As discussed in ng, off-shell supersymmetric field theory with an i?-symmetry on a curved 
background can be obtained by freezing configurations of gravity multiplet in off-shell new 
minimal supergravity (SUGRA) Bosonic fields in the gravity multiplet in the new- 

minimal off-shell SUGRA consist of a metric and two auxiliary vector fields where 

is an R-symmetry gauge field, while satishes = 0. In order to keep SUSY in 

hxed curved background, we should impose vanishing of variation of the gravitino (T^, T^): 

= (V^ - iA^)C + iV^C + = 0, 

= (V^ + iA^)C - iV^C - = 0, (3.7) 

where the variation parameters ( and ( have the R-charges as -|-1 and —1, respectively. 

One can show that our background x S'^ solves the Killing spinor equations fl3.7p b}@ 

1 7(17 — 7(17 1 

t/ = 0, A = ^ = -(1 - cos9){dip + adx^ + ^dxA, 

2 (1 -I- zz) 2 

® This corresponds to take 12 = 1, h = 0 and c = in the notation of [15] . 

® We have used a freedom in choosing A to be real. This corresponds to take s = 1 and k = 0 in the 
notation of m- 
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This fact forces each held to have magnetic charge, whose value is equal to R-charge and 
hence the R-charges must be integei0 due to quantization condition for magnetic hux on S'^. 


3.2 Vector multiplet 

The Lagrangian for the vector multiplet on x ^2 

is 


R = Tr 


- io" + ^A<7'‘£>„A + ^Act»‘D„A 


(3.9) 


where - i[Af„ Ay], and 

Df, = - iAf, - iqnA^. (3.10) 

The i?-charges of the helds (.4,^, A, A, D) are (0,1, —1, 0). This action is invariant under 

6A^ = Ka^X + Ka^X, 

5X = J^^ya^'^C + tDC, 

6X = T^yd^^’^C-iDC 

6D = -(a^^D^X + Ca^^D^X, (3.11) 

where ( and ( are the commuting spinors. Note that A and A are independent since we are 
working in the 4d Euclidean signature. Hence, 4d A/" = 1 SUSY requires that {A^, D) are 
not hermitian or anti-hermitian a priori. In order to insure the action to be real, we take 
integral contour of path integral as 


{A,,D)^ = {A,,-D). (3.12) 

Namely we practically regard Al^(iA) as (anti-)hermitian after computing the SUSY variation. 
When we have a f/(l)-part in gauge group, we can also consider the FI-term: 

Rfi = —*C j d'^Xy/gD. (3.13) 

Note that the Lagrangian for the vector multiplet is Yexact, 

= ( 3 . 14 ) 

^ As explained in l3.41 we can also introduce background vector multiplet for global symmetry, which can 
give additional magnetic charge. Then the R-charge is not necessary integer because the quantization for 
the magnetic flux impose only the sum of the magnetic charges by the R-symmetry and global symmetry to 
be integer. 





where 


with 


= -'*C (^Tr(^,A)tA) 
= -^c 


Tr 

Tr 


_ -p{+) -p{+)tiV 

4‘^AtiA 

1 -p{-) 7r(-)/Ai" 

L4 


- \d^ + '-\a>‘D,\ 

- + '-X^^D.X 


(3.15) 


Hi' = i ± *^'1,^ ■ 


(3,16) 


3.3 Chiral multiplet 

The Lagrangian for the chiral multiplet is 

-^chi ^D^cj) + -^cj) + ^D(j) — FF + iipa^D^ip + i'/2{^Xi/j — ipXcj)), (3-17) 

where we have assigned i?-charges (r, r — 1, r — 2, —r, —r + 1, —r + 2) to (0, "0, C 0, '0; -^)- 
The supersymmetric transformation is 


6(j) = V^CV', 

di: = V2FC + zV2{a^C)D^c^, 

6F = i\/2(a^Df^ilj — 2i{(X)(j), 

50 = \/2C0, 

50 = V2FC + *\/2(d^C)^/A0, 

5F = i\/2Ca^T)^0 + 2i0(CA). (3.18) 


Again although (0, F, 0, F) are independent complex helds a priori, we take the following 
integral contour 

(0,F,0,F)t = (0,-F,0,-F). (3.19) 

Note that we can rewrite the Lagrangian as SUSY variation exact: 


■^chi 5^ 


2|CI^ 


(5^0)^0 — '0(5|^'0)^ + 2i0^^A0^ . 


(3.20) 


3.4 Background vector multiplet and boundary condition 

We can introduce background vector multiplet for global symmetries with keeping supersym¬ 
metry. For example, when we consider an Abelian flavor symmetry U(l)/, supersymmetric 
conhguration for the background vector multiplet is given by 


Vfj_dx^ 


Vi^doj + Vcjdoj — ig 


zdz — zdz 
2(1 -I- zz) 


Q/^dXi 


a^dxs +2^^ 


cos 9) {dip + adxi + (ddx^), 


(3.21) 
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and 


D = (3.22) 

where ( 04 , 03 ) is the flat connection along direction and this gives the fugacity ^ of the 
flavor symmetry introduced in ( 12 . 11 ) by 

^ = tqa — 03 . (3.23) 

Then the Lagrangian for the chiral multiplet with charge qj for f/(l)/ slightly changes to 

Cchi = - FF + + i\/2{^Xi/j - ipX(j)), (3.24) 

where the covariant derivatives include the background gauge held and r is the total 
magnetic charge defined by fl2.3p . 

r = r + qjg. 

Because of the quantization condition for the magnetic flux, the total magnetic charge r 
has to be integer. Note that when we turn on the background magnetic gauge held of the 
global symmetry, the R-charge r can be non-integer depending on the magnetic charges 
coming from the other global symmetries. Under the identification fl3.1l) . every held $ has 
the twisted boundary condition: 

$ ^ ~ (3.25) 


3.5 Supersymmetry algebra and index formula 


Denoting 6 = 6(^ + the supersymmetry transformation generates 

{'^C>^ [<^C>= [<^0^ {<^C> ^cl = (3.26) 


where 

Sk = Fk — — iK^{qRAfj, + qgv^). (3.27) 

Ck is a Lie derivative along the vector held K given by 

K = diji = d^-ad^). (3.28) 

2it2 

If we identify the a: 3 -direction as “time” circle and a: 4 -direction as “spatial” circle, then our 
partition function on x 5^ can expressed as 


Zt^xS'^ 


Tr 


- 1 ) 


F -2-kH 


(3.29) 


where F[ is Hamiltonian. The SUSY algebra (I3.26p implies that the partition function is 
contributed only by the states satisfying 


H = -i {tP -h (TJ 3 -h (ra 4 - a^)qf ), (3.30) 

® Here we assume discreteness of the energy spectrum. Otherwise, the partition function would be non- 
holomorphic as in elliptic genera for non-compact manifolds (see e.g. m)- 
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while the other states are canceled between bosonic and fermionic states. Thus our partition 
function is interpreted as the indeji@ fll.ip . 


— Tr 




3.6 Anomaly cancellation 


Since we have the non-trivial background gauge fields, expressions for anomaly are slightly 
modified: 


oc Tr 


+ (r - 1)F« + ^ + (r-l)F^ + Y. 4?) . (3-31) 


,{“) /(a)^ 


where and f^l\ are field strengths of gauge symmetry, R-symmetry and flavor 

symmetries, respectively. Since the background field strengths are nontrivial only along S"^, 
the divergence of the current includes the terms proportional to 


Tr 


fiupa j: j: 

^ pa ? 


l)Tr 




pq 


(3.32) 


where r = r + indices p, g denote coordinates of direction. The 1st one 

gives the standard anomaly formula in 4d without nontrivial background while the 2nd one 
is particular for our setup. Noting the number of zero modes along is r — 1 for 2d positive 
chirality and 1 — r for 2d negative chirality, we can easily see that this is the same as anomaly 
of 2d theory obtained by dimensional reduction along Thus, we also require the 2d gauge 
anomaly cancellation in addition to the standard 4d cancellation condition. 

The 2d gauge anomaly cancellation condition becomes simplified after we impose the 4d 
gauge anomaly cancellation condition. For example, the standard 4d cancellation condition 
for U{1)r X G X G type anomaly is 

5^(r«-l)TR^+T,dj. = 0, (3.33) 

i 

while the 2d condition for G x G type anomaly is 

^(r« - 1 )Tr, + = 0. (3.34) 

i 

If we use the 4d condition, then the 2d condition becomes 

= (3.35) 

i a 

which is nothing but the conservation condition. 

® We have some other equivalent ways to get the same index. One way is to consider the iden¬ 
tifications {w, z) ^ (w + 27r, z) ~ {w + 2ttt, z) and impose the twisted boundary condition ^{w -|- 
2Tr,z) = z), or $(x 3 -h 2 tt,X 4 ,z) = 0 : 4 , z), $( 0 : 3 , 3:4 + 27r,z) = 

g-27ri/3J3 3 : 4 , z). 
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4 Partition function on x S‘^ and elliptic genus 

In this section we show that the partition function on x S'^ is the same as the elliptic 
genus of 2d A/" = (0, 2) theory described by zero modes along 


4.1 Sketch of derivation 

Our proof takes the following steps. 

1. We apply localization method to the partition function of the 4d AA = 1 SUSY theory 
on X If we denote fields on x as $'^2x52, then the SUSY localization tells 
us that the partition function on x 8“^ is independent of Q-exact deformation; 

Zt^xS'^ = j = j [i:)$r2xS2]e“‘^3’=xS=“*®T2xS2W2xS2^ (4.1) 

where Qt^xS^ is supersymmetric transformation on x 8“^. Here we choose the 
fermionic functional Vt^xs^ such that Qt^ x ,^2 Vr 2 y ^2 becomes the action itself without 
the FI-term. Then we can take the limilo t t 00 and saddle point method gives exact 
result. 


2. We consider gaussian fluctuation around the saddle point $0 and perform its KK mode 
expansion along 8"^. Then we will show that the KK mode expansion can be rewritten^ 
as gaussian fluctuation of the action of 2d A/” = (0, 2) theory on around <I)o: 


Qr2x52Ur2xS2 [$r2xS2]| 


gaussian 


Y •sli'lO’o.* 


(Ti 
r2 J 


J=jo 


gaussian 




(4.2) 


where J is angular momentum along 8“^ and jo is the one of zero modes. The symbol 
“(•••)” denotes non-zero modes of vector multiplets and gauge-fixing action, whose 
effect is trivial as shown below. Noting that the supersymmetric action on is also 
Q-exact, we find 

/ OO 

J=30 

Thus, the x 8'^ partition function is exactly the same as the elliptic genus of the 2d 
M = (0,2) theory with infinite multiplets. 

More precisely, we choose tQ^'^xS'^^T'^xS'^ = U*S'vec + tc<5'chi and consider the limits —>■ 00 and tc —t 00 . 
However, these limits should be taken carefully in our setup contrast to usual analysis by localization. As 
we will see in next subsection, there is a problem similar to analysis of elliptic genus. 

Strictly speaking, we will show this equality in a specific gauge and we have already included gauge-fixing 
actions in each term. 
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3. Fortunately, we already know formula for the elliptic genus of the 2d A/" = (0, 2) theory 
thanks to the previous studies H El E]. Hence, just by using their results, we can 
obtain exact expression for the x S'^ partition function. As a result, contributions 
from non-zero modes along are trivial and we find 

= lim [= Zt^, (4.4) 

t—>oo J 

which is the elliptic genus of 2d A/” = (0, 2) theory described by zero modes along S"^. 


4.2 Localization locus and danger of naive saddle point analysis 

We would like to compute the partition function 

Zr2xS2 = j [D^] (4.5) 

If we choose Syec and Schi as the deformation terms of the localization, then we find 

Zrp2,^s^ = lim / [_D$] (4.6) 

tv,tc^OO J 

Imposing Sy^c = 0 and Schi = 0 give the saddle point conditions. For vector multiplet, we 
hnd 

= J^lu^ = 0, D = 0, Xa^D^X = 0, Xa^D^X = 0. (4.7) 

The first and second equations show that saddle point of gauge held is hat connection. The 
last two equations imply that the saddle points of A and A are zero modes and Cartan valued. 
Namely A and A are constant proportional to ( and (, respectively: 

A = A(°iC, A = A(°iC. (4.8) 

Saddle point for chiral multiplet is trivial: 

0 = 0, 0 = 0, 0 = 0, 0 = 0, F = 0, F = 0. (4.9) 


In usual story of localization method, we can exactly compute the partition function by 
using naive saddle point analysis. However, in general situation, such naive saddle analysis 
sometimes would give ill-dehned result and not make sense as seen in recent studies on elliptic 
genus. We discuss that this is also our case and we need to take the limits oo more 

carefully. For hnite ty and tc, the partition function on x can be written as 


Zt2xS^ 



ft^^tc(,u,u,D)exp 


12 


- CD 


(4.10) 


where D and (u, u) are zero modes of D and along x The function u, D) is 

the resnlt of the path integral except D and (u, u) and has a hnite value in the limit tc ^ oo 
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for arbitrary {u, u) unless we take the limit —)■ oo. If we integrate D out, then the partition 

function in the tc oo limit becomes 

= j (4.11) 

where 


Fu{u,u) = lim i ft^^tXu.u.b) 


tc^OO 


= Ctbu,u) / d 


2M. 


exp 


exp 

M* 


"D n2 


-CD 


M, 


-tc \Qi{u)(j)i\^ “ ^ 1 ^ 


2=1 


. 2=1 


(4.12) 


Here is zero modes of scalar helds in chiral multiplets along T^, whose eigenvalues Qi{u) 
vanish as approaching u ^ u^. The prefactor Ct^{u,u) is contribution from path integral 
except {u,u) and 0*. We can easily see that the integrations over di for ty ^ oo diverge for 
u = and hence we should take this limit carefully. Thus we decompose the integration 
over (n, u) as 


= 


Jm 

where is e-neighborhood of A4sing 
hnally take the ty ^ oo, namely 




(4.13) 


4A. 

Then we take the limit e —?■ 0 first for finite ty and 


Zt^xS^ = lim lim ( /" Ftbu,u) + [ Ftbu,u)] . (4.14) 

In order to perform this procedure, we keep ty finite in terms including the zero mode of D. 
This is equivalent to that we do not regard the zero mode of D as fluctuation around the 
saddle point. In subsection 14.41 we will consider gaussian fluctuation of the action around 
the saddle point except the zero mode of D along and compute its KK-mode expansion 
along 5^. Then we will show that the action can be regarded as 2d A/" = (0, 2) theory on 
with infinite multiplets. 


4.3 Gauge fixing 


Here we take the gauge 


DPAp = 0, (4.15) 

where p denotes the T^-direction. In order to construct gauge fixing action, we introduce 
BRST transformation as 

Q sAfi F^Cg, Q B^g Q B^g F, QqB 0, (4.16) 

where Cg and Cg are ghosts, and B is the Nakanishi-Lautrap field. Then gauge fixing action 
is given by 


Agh — QfiTr 


CgD^A 


BV^Ap + CgD^DpCg = BWAp + CgDyyDyyCg. 


(4.17) 
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4.4 Gaussian fluctuation around the saddle point 

In this subsection, we study quadratic fluctuation around the localization locus. Performing 
KK-mode expansion along S^, we show that the quadratic fluctuation is the same as the one 
of 2d AA = (0, 2) supersymmetric theory on except non-zero modes of vector multiplet. 


4.4.1 Vector multiplet 

Let us expand the action around the saddle point except D: 


Af, ^ >1® + A^, A ^ + A, A ^ A(°) + A. 


Then we And the action up to the quadratic fluctuation as 


C 


vec 


Gauss 



+ |A5'‘B<»)A 


(4.18) 


(4.19) 


where 


is covariant derivative in terms of the gauge held at the saddle point and 


f(o) 

fll/ 


DfA, - Bf Al,. 


(4.20) 


Next we expand each held by monopole spherical harmonics: 

,7 .7 ,7 

Ai = Alp = ApjrnYoJm, D = DjmYojm, 

p=l,2 J=1 m=—J J=0 m=—J J=0 m=—J 

\ f l3jrnY2Jm \ , f 0 ^ \a = \ _ / 7ooA"ooo | 

y-lJmYojm) V-70oA))Oo/ ’ “ “ \^JmY^Jm) \ 0 / ’ 

(4.21) 


where {i,j) and {p,q) denote the S'^ and directions, respectively. Here Y^jm is scalar 
monopole spherical harmonics with magnetic charge r and Cf is usual vector spherical 
harmonics with polarization p (see app. [D]for detail). By some tedious calculations, we And 


dzdz^Qs^C 


vec I Gauss 


~ Tr 


J=0 m I 


J(J + 1) 


A r A - r 


E E {5 E (^t°’-4l)(ci°>Ai;„) + 

J=1 m t P=l,2 J J=0 m 

EE ^JmDiu'yJm -|“ EEL JmDwfd Jm 7 \/ J [J -|- 1)( 'yjmPjm Y Am'y Jm) 


J=0 m 


,7=1 m 


(4.22) 
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In sec. 14.61 we will show that contribution from the non-zero modes (J 7 ^ 0) are canceled 
by non-zero modes of the ghostJ^. Hence let us focus on the zero modes: 


dzclz^yQs^^vec\zero modes 


-{D^^Aq^QO — — 2-^00 + loo-D^^joo 


, (4.23) 


which is invariant under the supersymmetric transformation 

dA^^oo = V^7oo ~ V^7oo, dAyj^oo = 0, 

<^700 = ^ 4,00 — -^i^^Aso) — -^Dqo, 

<5700 = +-^(^ 3 ^^^ 4 ,oo — -D^As^oo) — 


(4.24) 


These are exactly the same as the Lagrangian and SUSY transformation of 2d A/" = (0, 2) 
super Yang-Mills theory described in app. IE. 3 1 around the saddle point if we identify 


C+ — C+ — — — 700 , — —700- 


The FI-term becomes 


S'fi = —i( / dwdwDQQ, 


(4.25) 


(4.26) 


which is also the same as the FI-term in two dimensions. Non-zero modes are decoupled 
from other sectors including chiral multiplets. 


4.4.2 Chiral multiplet 

Next, we evaluate the one-loop determinant of the chiral multiplet on x S"^. Gaussian 
fluctuation of the action for chiral multiplet is 

^^Chilcauss = + 0^000 -FF + + ^^/2(0A(°)CV' - ^CA(°V)-(4.27) 

As in vector multiplet, we perform KK-mode expansion along 8“^. We expand the bosonic 
helds as 


<P 'y ^ ^ 0,JmFr,Jmy 0 ^ ^ ^ ^ ^Jrn^r.Jmy 

J=|r|/2 m ,/=|r|/2 m 

F= 5^/jmW-2,Jn^, (4-28) 

J=|r-2|/2 rn J=|r-2|/2 rti 


Note that we can treat this sector by the naive saddle point analysis since this sector is not interacting 
with Dqo and 
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while mode expansion for fermions depend on r: 


'4’a = < 


for r = 1 , 
for r < 1 


Vi" = 


f ^JmhrJm \ f d 

I^J=J 0+1 [-cjmYr- 2 jJ [-Cj,mYr-2jo 

^ Jm^rJm \ 

2.J=,0+1 \-CjmYr-2jJ 

I ^jYnYrJm \ . ( ^jQmYrjom 

2.j.,0+1 2.m ^ 0 , 

_V V d-^"*rr_2Jmi _ pjom^r-2jom\ for r ^ 1 

if™nL j ^”1, 0 I ‘”■■>1 

(CjmYj._2jjyi 

J=jo+l 1 1 

y "Jm-'rJm 

E v 2Jm I 

J=jo+^ ^rn I , wt I 
y '^Jm-'rJm J 


0 


'm \ 1 

'JjomJ- rjom^ 


for r = 1 , (4.29) 

for r < 1 


where 


-II 


1 

2 ' 


(4.30) 


2 z 

Note that the number of the zero modes and chirality in two dimensions depend on r. This 
property is important because the non-zero modes do not affect the final formula for the 
index and only the zero-modes give nontrivial contributions as we will see. 


For r > 1 

For r > 1, the action becomes 

/ dzdz^^C.u Ig.u.. = 


5]5j„(-B‘“>B'“>’' + Ay aj„- J] 

J=|r|/2 m J=|r—2|/2 m 

+ EE ^JmDooCtjm T E E ^JmDw ^Jm 

J=r/2 m J=|-l m 

+EEb -|- iXrji, Cjjnbjm T b JmC-Jm) 


J=5 m 


+i EE( OiJmX^ ^bjm bjmX^ ^OiJmJ i 

,/=r/2 m 


where 


Xrj — \ \ J + — 


(r-l)2 


We can decompose this as 

/ <J<J u 

dzdz^/^Ccu = E E^ 

7_r 1 .v-v._ T 


OO J 


OO J 

(J,m) EE £{J,m) 

J=I-lm=-J J=Lm=-J 


(4.31) 


(4.32) 


(4.33) 
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where 




CjmDyj Cjm fJ mfjm + ^YjQ>Jm^Jm H“ ^Jrrfijm ^Jm^Jm)i 

^CljraD^^ ^QjJrn ~\~ ~\~ bjmD^^’bjm + i ( '^bjm bjjjiX^ '^OjJm 


(4.34) 


These are invariant under the transformations 


bcjm fjm T ^XyjQijmi bcjm fjm iXrjOjjmi 

bf Jm ^Jm T ^b^rjbjmi bfjjyi ^Jm T ^b^rjbjmi (4.35) 

bOjjm T^Jm.) bOjjjji bj^ai bbj^ OjJmi bbjYYi ^Jmi (4.36) 


which have been derived from the 4d SUSY transformation by using the orthogonal relation 
of the harmonics. We can easily see that and the SUSY transformation (I4.35jl are 

exactly the same as the ones of 2d A/" = (0, 2) Fermi multiplet with potential E{djm) and 
E{ajm) if we identify 


c+ 

V'- 


C+ ^y 2 ^ ' 4 ^+ Cj^ni G f Jmi G fjm^ 

bjrni '4— bj^ni 4 ^Jmi 4 (^Jmi -^(0) ^^rj4i ^i.4') ^b\j-j4- 

(4.37) 


Also, under this identification, and the SUSY transformation (I4.36p are exactly the 

same as the ones of 2d AA = (0, 2) chiral multiplet. 


For r < 1 

The only difference from r > 1 is the zero modes. The result is 

oo J oo J 

dzdz^C,^,= E ( 4 - 38 ) 

J=-|+lm=—J J=—|m=—J 

In this case, the non-trivial contribution only comes from the modes (ajm, hjm, bjm, bjm) 
with J = jo- 



For r = 1 

Similarly, we find 

OO J OO J 

dzdz^Ca,. = Y, E + E E Y’"*’- (4-39) 

/—i m=—J 7 —i m=—J 

^2 '^2 
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4.4.3 Gauge fixing term 

Let us consider the gauge-fixing term. By expanding 


^ ~ Cg — Cg^jraYajm, Cg — '^g,Jmyojmi (4.40) 


J=0 m 


J=0 m 


J=0 m 


we find 


j dzdzy/^C^’g = EE Tr 
Especially, the J = 0 part 


J=0 m 




(4.41) 


dzdzy'gs^Cgh 


= Tr 


j=o 


BqqW^Ap ,00 T w^g,00 


(4.42) 


is exactly the same as the gauge fixing action of 2d gauge theory with the gauge-fixing 
condition 

VMp.oo = 0, (4.43) 

if we identify Bqq and Cg, Cg with the Nakanishi-Lautrap field and ghosts in 2d, respectively. 


4.5 Twisted boundary condition on the torus 

In our setup, the fields on x with the magnetic charge r satisfy the twisted 

boundary conditions 


$t2x52(w + 27r,e^”“z) = e”’'"<hT2xS2(tf^,-s), 

^rp 2 ^s 2 {w + 27rr, = e™^<h(r 2 x 52 (t(;, z). (4.44) 

Since the spherical harmonics satisfy the fields 

in effective 2d theory on should satisfy 

$r 2 {w + 27r) = e-2™<hr2 (w), 4 >t2 {w + 27rr) = e-2"™^$r2 (w). (4.45) 

4.6 One-loop determinant for non-zero modes in vector multiplet 

We show that the non-zero modes of the vector multiplet and gauge-fixing term give trivial 
one-loop determinant. First, the term including Au,jrn) is 

J dzdz^Qs^ B^ec\Ga.uss,{A^^jm,Au,,jm) 

—DyijDyj + 2J{J + 1)\ f Aw^Jm\ 
gl + Dl )\A^,jJ- 

(4.46) 
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Hence, the one-loop determinant from Ayj^jm) is 


^ (-Alt; l-^w') 


= Det 


DwDw — J{J + 1) 


- 1/2 


(4.47) 


up to an overall constant. We also find the contributions from and in a straight¬ 
forward manner as 


DyjDyj 


1 - 1/2 


= Det 

Similarly, noting 

J" dzdz^J (?52/2vec I Gauss,(/9,7) 
we hnd 

^(/3,7) = 

Contribution from the ghosts is 


, = Det 


DwDyj — J{J -l- 1) 


- 1/2 




i^/j{JTY) 

DujDu! — J{J -|- 1) 


J{J + 1) I ^f3jm 

1 Jm 




Zr = Det 




(4.48) 


(4.49) 


(4.50) 


(4.51) 


Thus we conclude that the total contribution from the nonzero modes of the vector multiplet 
and gauge-fixing term is trivial^: 


Z{Au,,A^)ZA^ZA2Z^/S,'y)Zcg — 1 , 


(4.52) 


up to an overall constant. 

4.7 Modular properties 

In this subsection, we study modular properties of the x partition function under the 
SL{3] Z) transformation 

S : (r, c^) ^ , T : (r, a) ^ (r + 1, a), 

U : {T,a) ^ {T,a + t), V : (r, a) -A- (r, a -h 1). 

For this purpose, it is sufficient to study the one-loop determinant. 

Note that eigenvalues of and are common among all the fields having the same m. 
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5'-transformation 


Under the S-transformation, the one-loop determinants transform as 


S-.Zv^ Zy, 

S : ZA,R(-l/r,M/r,|//r) = j ZA,R(r, n, y), 

S : Z<i,,R(-l/r,M/r,|//r) = Z$,R(r, m,?/). 

Then the one-loop determinant of the 4d chiral multiplet transforms as 


(4.53) 


r-1 

2 




p 


( ili 


^R^^^(-l/UM/r,(T/r,^a/r) = 


\ 


n n 


.•p-f'U(U+"lO'+Ea 


\ym = 


.=—ill p 


Zn^^\r,u,a,Q. 




(AM) 


We hnd that the exponent of the prefactor is a linear combination of the factors flC.SP - 
flC.llI) appearing in a particular regularization of the one-loop determinant and is related to 
anomalies in two dimensions (see app. Ofor detail). 


T-transformation 

The T-transformation acts on each one-loop determinant as 

T:Zy T : Za,r ^ ef I'"IZa,r, T : Z^.r ^ e” 

Hence, the partition function transforms as 



T : Zr2xS2 ^ 


(4.55) 


(4.56) 


The prefactor vanishes if we satisfy the 2d gauge anomaly cancellation condition for the 2d 
zero-mode theory. 


U -transformation 

[/-transformation properties of the one-loop determinants are 

U : Zy —)■ Zy, 
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u : z<;> ^ 


for r > 1 
for r = 1 . 
for r < 1 


(4.57) 


-Sr(,>-1)T|R| vM 
R, 

g|r|(|r|+l)(|r|+2)r|R|^(r) 

Ft 


Although one would expect this prefactor can be rewritten in the language of anomalies, 
we have not found any clear understandings. It would be illuminating if one finds physical 
implications of this factor. Presumably this would be related to gravitational anomalies. 


IZ-transformation 

Each one-loop determinant is invariant under the E-transformation : 

V :Zv^Zv, V : Z^^ Z^\ (4.58) 

Thus the whole partition function is always invariant under the E-transformation. 


4.8 Localization by another deformation term 

If we consider another deformation term for localization, then we can obtain another formula 
for the partition function, which is apparently different from our main formula fll.3p but 
should be the same. Here let us take the deformation term as 


QV ^vcc T .^chi T 


where 


Urn, ^ 


Tr(CU-CtA)(-zT)) 


Then bosonic part of C^ec plus Cm is given by 

Cyec + '^mlbos. = 2^^} + '^^pq + 2 ^^ 
This leads us to the following condition for the saddle point 

J^l2 = —D, = j'li = = J^24: = 


(4.59) 

(4.60) 

(4.61) 

(4.62) 


General solution satisfying this condition and compatible with isometry of x 3“^ is non- 
Abelian version of the general background multiplet configuration fl3.2ip . Namely, the gauge 
field takes monopole configuration on S'^ and has the holonomies along T^. Then, the x S'^ 
partition function become^ 


zt^xs'^ — 


j-SFl(m) 

(sym) 


JKReSu=u,{Q{u^),v) (4-63) 


u,eM* 


The authors in m have claimed this formula by an expectation from their result on x S^. 
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where m = (mi, • • • ,m\G\) is the monopole charge vector and the factor (sym) denotes the 
ra nk of Weyl group of unbroken gauge group. Note that the FI-term is non-zero for general 
monopole configuration. The one-loop determinant is given by 


y{m) 

■^1 —loop 


(r, u, a, Q 


(r, M, a) JJ (r, u, a, Q, 


(4.64) 


where Z^'^ 


is the contribution from the vector multiplet: 


y{m) 


(r,M,a) 



i6i{T\a{u) -k |a(m)|(T) 
r]{q) 



a=l 


(4.65) 


R, 


is the contribution from the chiral multiplet: 


where 




(r+p(m)) / 




peR 


Z^''\r,y,a) = 


L — l 

Y\.m=-^+l r]{q) 


i9l{T\y+ma-) 


|r| 


n __jri ripGR 


iv{<l) 


di{T\y+ma) 


for r > 1 
for r = 1 
. for r < 1 


(4.66) 


(4.67) 


Note that the contribution from m = 0 in 04.631) is exactly the same as our main formula 
01.3p . Therefore, if the both results 01.3p and 04.63P are correct, then the contributions from 
nonzero monopole configurations must vanish: 


SFi(m) 

^ Y JKRes„=„,(Q(M*),r/) = 0 ? (4.68) 

^^0 isymj 


Although the localization procedures by the two different deformation terms lead this equa¬ 
tion, we have not shown this equation by explicitly computing the hnal expression. It is 
interesting if one can solve this puzzle. 


5 4d indices and 2d extended supersymmetries 

In this section we study 4d theories, whose indices give 2d elliptic genera with larger super- 
symmetries. 

5.1 4d M = 2 partition function and 2d = (2, 2) elliptic genus 

Let us consider 4d theory having J\f = 1 vector multiplet V and the matters listed in 
tab. [T] with the superpotential W = Q^Q. It is known that this theory has 4d AA = 2 
supersymmetry. Note that we also turn on the magnetic flux of the U{1) flavor symmetry 
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G 

C(l)« 

^ (1) flavor 

$ 

adj. 

1 

-1 

Q 

R 

1/2 

to 

1 

Q 

R 

1/2 

1 /2+ g 

fugacity 

- 

- 

z 

magnetic flux 

- 

1 

1 


Table 1: Field content of 4d A/" = 2 theory, which gives 2d A/" = (2, 2) elliptic genus. 


with g = 1. Since the shifted R-charges should be integer on x 3“^, we take q to be positive 
integeiQ. One-loop determinants for the helds are given by 




ir]{q) 


agG 


g-i 

2 


^0= n n 

m=—l^ pGR 
Q-l 

n n 

m=-2_l pgR 


7]{q) 

iT]{q) 


a=l 


pgadj. 


Oi{t\p{u) -z)' 


6i{t\p{u) -h (1 - 2q)z/2 + ma) ’ 
i 0 i(r| — p{u) -|- (1 -|- 2q)z/2 + ma) 


’M 


(5,1) 


Then we easily see that the product 


ZyZ^ — 


27rp^{q) 
6^1 (r| - z) 


rankG 


n 

agG 


9{T\a{u)) 
6{T\a{u) — z) ’ 


(5.2) 


is the same as the one-loop determinant of 2d AA = (2, 2) vector multiplet [HE], if we identify 
the flavor fugacity z with the one of 1/(1)r symmetry in 2d. Also the other contribution 


1-1 

2 


n n 


pGR 


9i(Tjp(u) - (1 -h 2q)zl2 + ma) 
9 i(t\p(u) + (1 - 2q)z/2 + ma) ’ 


(5.3) 


is the same as the one-loop determinant of 2d A/” = (2, 2) g-chiral multiplets with the rep¬ 
resentation R and R-charge (1 — 2q). Thus the 4d A/" = 2 theory on x with the 
appropriate background gives the partition function of the 2d A/" = (2, 2) theory on T^. 


5.2 4d = 2 partition function and 2d Af = (0,4) elliptic genus 

Let us consider the theory with the same multiplets as in last subsection but different flavor 
charges listed in tab. [2l We again have to take q to be positive integer to satisfy the 

The value of q should be chosen to consistent with gauge anomaly cancellation. The result for negative 
integer q is simply obtained by the replacement R o R. 
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G 

C(l)« 

^ (1) flavor 

$ 

adj. 

1 

l + 2q 

Q 

R 

1/2 

-1/2-q 

Q 

R 

1/2 

1 

CM 

1 

fugacity 

- 

- 

Z 

magnetic hux 

- 

1 

1 


Table 2: Field content of 4d A/” = 2 theory, which gives 2d A/" = (0,4) elliptic genus. 


quantization condition of the magnetic flux on S"^. Each one-loop determinants for each held 
is given by 




27rr]^{q) 


n 


i9i{T\a{u)) 

r]{q) 


JJ dua, 


z. = n n 

m=—q pGadj. 


n n 


£ 

2 


^<3= If n 


^=-2peR 


i9i{T\p{u) -h (1 2q)z + ma) 
r]{q) 

_ iyiQ) _ 

6'i(r|p(M) - (1 2q)z/2 + ma) ’ 

__ 

9i{t\ — p{u) — (1 + 2q)z/2 + ma) 


(5.4) 


First let us consider the combination 


ZyZ^ = 


X 


2'Kp^{q) 


n n 

_m=l pGadj. 


rankG 


-|-r i9i{T\a{u)) -|-r i9i{T\p{u) + (1 + 2g)^) 

XX ‘n( n\ XX 


rankG 


p{q) 


a=l 


i9i{T\p{u) -I- (1 -I- 2q)z -I- ma) — p{u) -|- (1 -|- 2q)z — ma) 


p{q) 


p{q) 


(5.5) 


We easily hnd that the hrst factor is the same as the one-loop determinant of (0,4) vector 
multiplet, while the second is the one of the (0,4) Fermi multiplet^. Also, the remaining 
part 


n n 


ip{q) 


ip{q) 


9i{t\p{u) — (1 + 2q)z/2 + ma) 9 i{t\ — p{u) — (1 -l- 2q)z/2 -|- ma) 
is the same as the one-loop determinant of (0,4) hyper multiplets. 


. (5.6) 


m=-2 peR 


Note that the (0,4) vector multiplet consists of the (0, 2) vector multiplet and (0, 2) Fermi multiplet in 
adjoint representation. Also, the (0,4) Fermi (hyper) multiplet consists of the (0, 2) Fermi (chiral) multiplets 
with representation R and R. 
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G 

G(1)r 

G(i)i 

C/(l)2 

G(1)3 

4>i 

adj. 

-1 

1 

0 

-1 

$2 

adj. 

-1 

1 

0 

1 

$3 

adj. 

2 

0 

0 

2 

fugacity 

- 

- 

z 

6 

6 

magnetic hux 

- 

1 

1 

0 

0 


Table 3: A 4d theory, which gives the elliptic genus of 2d AA = (4,4) vector multiplet. 



G 


G(i)i 

C/(l)2 

G(1)3 

Q 

R 

0 

0 

1 

-1 

Q 

R 

0 

0 

-1 

-1 

q 

R 

3 

-1 

1 

0 

q 

R 

3 

-1 

-1 

0 

fugacity 

- 

- 



6 

magnetic hux 

- 

1 

1 

0 

0 


Table 4: A 4d theory giving the elliptic genus of 2d A/” = (4,4) hyper multiplet. 


5.3 4d partition function and 2d Af = (4, 4) elliptic genus 

First we consider the combination of 4d AA = 1 multiplet which gives the one-loop determi¬ 
nant of 2d A/" = (4,4) vector multiplet. Suppose theory with J\f = 1 vector multiplet V and 
three adjoint chiral multiplets $i(« = 1,2,3) whose charge assignments are listed in tab. |3l 
The one-loop determinants of chiral multiplets is given by 


zt. = n 


ir]{q) 


pSadj. 


^^3 — n 

pGadj. 


Oi{t\p{u) + z - ^ 2 ) 

iOi{T\p{u) + 2 ^ 2 ) 
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iT]{q) 


pGadj. 


9i{t\p{u) + Z + ^ 2 )' 


p{q) 


(5.7) 


Then 


i=l 


27rp^(q)'\ 


Yli9i{T\a{u)) JJ 


-i 9 i{T\p{u) + 2 ^ 2 ) 


aeG 


pGadj. 


9l(T|p(tl) + Z - &)9l(T|/)(tl) + z + &) 


(5.8) 


This agrees with the one-loop determinant of 2d A/” = (4,4) vector multiplet [T9] . 

Next we consider the 4d chiral multiplets, which give the one-loop determinant of 2d 
A7 = (4,4) hyper multiplet. The held content of the 4d theory is listed in tab. 01 The 
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Table 5: A 2d AA = (2, 2) theory giving the elliptic genus of K3. This theory has the 
superpotential W = Pf{X, Y), where f{X, Y) is a homogeneous polynomial of {X, Y) with 
degree (2,3). 


one-loop determinants are given by 

ir]{q) 


2«=n 
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P€R ' I' ' ' ^ ^ ' pgR 

i9i{T\p{u) - z + ^i) TT *6'i(r|p(M) - -^ 1 ) 


7 = TT 

V{q) ’ ^ V{q) 

p€R 

Then we obtain the one-loop determinant of J\f = (4,4) hyper multiplet. 


7 7 7 7 - Y[ ^l(^lp(^) -^ + 6) TT Ol{.Ap{u) - z - ii) 


(5.9) 


(5.10) 


6 Examples 

In this section we present four dimensional theories on x S^, whose indices have the same 
expressions as two dimensional elliptic genera of interesting examples. 


6.1 K3 

In this subsection we hnd two 4d theories on x giving the elliptic genus of K3. In 
other words, we show that these two 4d theories have the same partition function via the 
K3 elliptic genus. This would imply a new four dimensional duality. 


6.1.1 Two dimensional description 


First we briefly explain 2d SUSY gauge theories giving elliptic genus of K3. This subsub¬ 
section is essentially review of sec. 4.1 in in- Suppose 2d M = (2,2) f/(l)i x U{1)2 gauge 
theory with the matters listed in tab. |5l One-loop determinant of this theory is 


2Tip{qY 

^ 6*1 (r — 2 mi 

- 3 ^ 2 ) 

01 (r - z + ui) 

2 

01 (r - Z + U 2 ) 

6 'i(r| - z)_ 

6i{t\z — 2ui 

- 3 ^ 2 ) 

9i{t\ui) 


9i{t\u2) 


duiAdu2. 


( 6 , 1 ) 
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-Ai,2,3,4 

-4 2 

1 0 

fugacity 



Table 6: Another 2d A/” = (2, 2) theory giving the K3 elliptic genus. This theory has the 
superpotential W = Pf{X), where f{X) is a homogeneous polynomial of X with degree 4. 

Then ATsing is given by the hyperplanes: 

Hp = {z — 2ui — 3 u2 = 0}, Hx = {mi = 0}, Hy = {u 2 = 0} (mod Z + tZ). (6.2) 

Hence, we hnd that is intersections of {Hp,Hx), {Hp^Hy) and {Hx,Hy). Note that the 
each charge covector is 


Qp = (-2,-3), Qx = (l,0), gy = (0,l). 


(6.3) 


If we take 7] = (1,1), which is inside of Cone(gx,gy) but outside of Cone{Qp,Qx) and 
Cone{Qp,Qy), then non-zero JK residue comes only from the intersection {Hx,Hy): 


Zp2 — 


(27ri) 


dUidU2 .^1—loop- 


(6.4) 


ui=U2=0 


There is another J\f = (2,2) theory giving the same elliptic genus. This theory is U{1) 
gauge theory with the matter listed in tab. El By taking 77 > 0, we hnd 


Zp2 — — 


r]{qf 


du- 


9i{t\ — 4m) /6 *i(r| — z u) 


i6i{T\-z) 9 i{t\z-Au) 


It is known that the K3 elliptic genus in standard form is 


0-i{r\u) 


(6.5) 


Zp2 = 8 


9i{t\z -f i) 


+ e 




+ e 


,9i{t\z + f) 

^i(r|i) 


( 6 . 6 ) 


One can easily check that the expressions fl6.4p and fl6.5l) are the same as this standard form. 


6.1.2 Four dimensional description 

Next we hnd two 4d theories on x whose partition functions are the same as the K3 
elliptic genus. Let us consider 4d f/(l)i x U{1)2 gauge theory with matters listed in tab. [7] 
and the superpotential 

2 3 2 

+ E X'Ki V' -6 Y L'«>25'/. 

i=l 2=1 2=1 
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- 
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0 

0 
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Table 7: A 4d theory giving the elliptic genus of K3. This theory has the same one-loop 
determinant as the 2d theory described in tab. [5] for special fugacities. 
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Table 8: Another 4d theory giving the elliptic genus of K3. This theory has the same one-loop 
determinant as the 2d theory explained in tab. |6]for special fugacities. 


The one-loop determinant is given by 


Z 


1—loop 


27rr7(g) 

9i{t\ - 
9 i { t \ - 

6>i(r| - 



6*1 (r| — 3z/2 — 2 mi — 
6*1 (r| — z/2 — 2 mi — 

-I 2 r 
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zl2 + ui+ ^x) 


6*i(r| 
6*1 (r 


3M2 + jp) 

3m2 + ip) 

— U2 iy) 

— z/2 -h U2 iv) 


3 


dui A du2- 


( 6 . 8 ) 


If we take ip = 3z/2,ix = 2^/2, T = 2;/2, then this becomes the same as the one-loop 
determinant fl6.ip of the theory in tab. [5] and hence gives the K3 elliptic genus. 

Let us consider another 4d U{1) gauge theory, whose matters are listed in tab. [Eland 
superpotential is given by 

4 

w = F'<hP + E (6-9) 

i=l 
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One-loop determinant is given by 


■^1—loop 


27rp{qf 9 i{t\ 

— ?>z/2 — Au + ^p) 

9i{t\ 

- ^i('r 

- z/2 - Au + ^p) 


9i{t\ - ?>z/2 + U + ^x) 


( 6 . 10 ) 


Taking = 3^/2 and = 2;/2, this becomes the integrand of fl6.5p and leads also the K3 
elliptic genus. 

Thus we hnd that the two 4d theories have the same partition function. This implies 
that there is a new type of duality between the two theories. It is interesting if we further 
test this relation in other observables or hnd any physical reasons for that. 


6.2 Elliptic genus of E-strings from 4d index 

E-strings izu are M2-branes suspended between M5 and M9 branes in M-theory description. 
It is discussed in [22] that low-energy dynamics of N E-strings is described by the 2d A/" = 
(0,4) 0{N) gauge theory with the held content 

• AA = (0,4) vector multiplet 

• A/" = (0,4) hyper multiplet in symmetric representation 

• Four M = (0,4) Fermi multiplets in fundamental representation , 

at its IR hxed point. Let us consider the elliptic genus of this theory dehned by 


Z = Tr 


RR 


i=l 


^2'KimiF^ 


( 6 . 11 ) 


Here Ji ^2 is Cartan of S'0(4) = SU{2) x SU{2) associated with rotational symmetry in four- 
directions, where NS5 and D8-08 spread out. is havor symmetry of the eight (0, 2) Fermi 
multiplets, or equivalently Cartan of 50(16) symmetry. One-loop determinant of the (0,4) 
theory is given by 
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( 6 . 12 ) 


We can engineer 4d theory on F x 5^ giving the elliptic genus of the E-strings. Suppose 4d 
0{n) gauge theory with the held content summarized in tab. [9l Then one-loop determinant 
is given by 




27rTf^\ 
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Table 9: A 4d theory giving elliptic genus of N E-strings. 
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m=—1/2 pGsym 
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£=1 pgfund 
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(6.13) 


Comparing the one-loop determinants, we easily see that the partition function of this theory 
is the same as the elliptic genus of the E-strings with 



(6.14) 


It is interesting if we hnd any physical implications of this correspondence. For example, 
in F-theory setup, the E-strings arise by wrapping D3-branes on and hence the elliptic 
genus of the N E-strings would be described by the partition function J\f = 4 U{N) SYM on 
X P^. We expect that this point of view would give some insights on this correspondence. 


6.3 M-strings 


M-strings [23] are M2-branes suspended between parallel adjacent M5-branes. It is expected 
that the low-energy dynamics of Y-tuple M-strings is described [23] (see also [2l]) by the 2d 
J\f = (0,4) U{N) gauge theory with 

• AA = (0,4) t/(Y) vector multiplet 

• AA = (0,4) hyper multiplet in adjoint representation 

• A/" = (0,4) hyper multiplet in fundamental representation 

• A/" = (0,4) Fermi multiplet in fundamental representation , 

at its IR hxed point. Here we consider the elliptic genus for the M-strings dehned by 


fpj, 1^^_l)^g^^ g^^Hg27riei(Ji+J2+J4)g27rie2(—Jl+J2-l-J4)g27rimJ3 j 


(6.15) 


where A (J 2 , <^ 3 , <^ 4 ) is the Cartan part of generator of SU{2) flavor symmetry (S'17(2)^ 
R-symmetry), respectively. The one-loop determinants of AA = (0,4) multiplets are 
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10: A 4d theory giving elliptic genus of N M-strings. 
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We can identify 4d theory giving the elliptic genus of this 2d theory. Let us consider 
4d U(N) supersymmetric gauge theory with the matters listed in tab. [101 Then one-loop 
determinant is given by 
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(6.17) 


Comparing these with (I6.16p . we hud that this is the same as the elliptic genus of the 
M-strings if we make the identihcation 



(6,18) 


It is attractive if we hnd any physical implications of this correspondence. 
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Table 11: Matter content for the 2d A/” = (0, 2) U{Nc) SQCD with Nc = {Ni + N 2 — N‘i)/2. 
This theory has the snperpotential <hrP. 


6.4 4d Seiberg duality and 2d (0, 2) triality 


We discuss that 4d Seiberg duality [8] for x partition function gives 2d (0, 2) triality 
[7] for elliptic genuJ^. 


6.4.1 2d (0,2) triality 

First we briefly introduce the (0,2) triality proposed by Gadde-Gukov-Putrov [7]. Let us 
consider the 2d A/" = (0, 2) U{Nc) SQGD with 


Nc = 


N 1 + N 2 - Ns 


(6.19) 


whose matter content is summarized in tab. [n The helds T and G are required to cancel 
gauge anomalies. Then the authors in [7] have conjectured the (0, 2) triality, which states 
that the SQGD at an infrared hxed point is invariant under the replacements 


{Ni,N2,Ns) ^ {N2,Ns,N,) ^ {Ns,N,,N2). 


( 6 . 20 ) 


This conjecture has been checked for some observables [TJ |2S1 125] . 

Let us explicitly check the (0,2) triality for the elliptic genus as in [7]. First, one-loop 
determinant from each held is 
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Basic idea of this subsection was presented by Yuji Tachikawa in his intensive lecture 
at Osaka University (in October, 2014 ). Handwritten notes in Japanese are available at 
http://member.ipmu.jp/yuji.tachikawa/lectures/2014-osaka-kyoto/. We are grateful to him for this 
point. 
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( 6 , 21 ) 
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where the fugacities satisfy Xlaii = 0 , rjp = 0 , (7 = 0 and = 0 . 

Hence, Arsing is given by 

C = {'“i = U. = = (6,22) 

If we take = then we have contributions only from and get 
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Let us introduce X G C{Ni — Nc, Ni). Then, by using Ha'ex ~ IlaYL’ 
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(6.25) 


Comparing this with fl6.23p . we hnd that the elliptic genus is invariant under the replacements 
{Ni, N 2 , N 3 ) —)■ {N 3 , Ni, N 2 ) and {^a,Vi3y C'y) {~C'y:^a,V'r)- if ^e repeat the same analysis, 
then we can obtain the elliptic genus with the replacements {N 2 , N 3 , Ni) —)■ {N 3 , Ni, N 2 ) 
and (—C 75 ^a, Vi) ~C'yi ia)- Thus we have confirmed the (0, 2) triality for the elliptic 

genus. 


6.4.2 Engineering the 2d AA = (0, 2) SQCD from 4d SQCD 

We discuss that there are 4d SQCDs on x giving the elliptic genus of the 2d A/" = (0, 2 ) 
SQCD described in tab. [H] Let us consider the 4d A/" = 1 U{Nc) SQCD with 
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Table 12: Matter content of the 4d SQCD giving the elliptic genus of the 2d AA = (0, 2) 
SQCD. This theory has the rank Nc = {Ni + N 2 — N'^)/2 and superpotential W = MjQiQ*. 

• Ni fundamental multiplets Qi with R-charge 

• Ni anti-fundamental multiplets Qi with R-charge ri*^ 

• 2 chiral multiplets 12^ in det representation with R-charge 2 

• Ni singlet chiral multiplets Mj with R-charge 1 -|- iV 2 and the superpotential W = 
MiQiQi 

We have included the matters in the det representation in order to cancel mixed anomaly 
between U{1)r and U{1) part of the gauge group. Conditions for all the gauge anomaly 
cancellations are boiled down to the following single equation 

Ni 

+ rW) = 2 Ni - 2N^. (6.26) 

i=l 

Because we do not turn on magnetic flux of flavor symmetries here, we have to take the 
R-charges to be integers satisfying this condition. Here let us take the R-charges as (the 
setup is summarized in tab. IT^ 

rf = 0, r« = l-iV 2 , r(2) = l + iV 3 , = 1 (* = 3, • • • , W)- (6.27) 

Recalling our formula, we easily see that corresponding zero mode theory of the 4d SQCD 
on X is the 2d W = (0, 2) SQCD on T^. Indeed there are simple correspondences 
among the one-loop determinants: 

J_ J_ ^Qi ^Qi ^^\rip={m(7} ’ ^Q2 ^^\c^^={ma} ’ 

2=1 

Ni 

%=3,...iVi = 1’ (6.28) 

2=1 
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Table 13: Matter content for the Seiberg dual of the 4d SQCD in tab. [121 which gives the 
elliptic genus for the triality pair of the 2d A/” = (0, 2) SQCD. This theory has the rank 
(iVs + Ni — N 2)/2 and superpotential W = M[Q'^Q[. 
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Table 14: Matter content of another 4d SQCD giving the elliptic genus of the 2d AA = (0, 2) 
SQCD. This is U{Nc) gauge theory with N 2 flavors. 

Thus, the x partition function of the 4d SQCD is the same as the elliptic genus of the 
2d AA = (0, 2) SQCD with the special fugacities. 

As in usual Seiberg duality [8], let us consider the 4d U{Ni — Nc) SQCD with the matter 
content listed in tab. [131 Then we easily hud that the partition function of this theory 
is the same as the elliptic genus of the 2d SQCD with {Ni, N 2 , N^) Ni, N 2 ) and 

, ^a, {iTT'O'}). Siuce the 2d SQCD elliptic genus enjoys the (0,2) triality, 
this indicates that the 4d SQCD partition function on x also enjoys the Seiberg duality. 

How can we get the remaining part of the triality {Ni,N 2 ,N 3 ) —?• {N 2 ,N^,Ni )7 For 
this purpose, let us consider the 4d U{Nc) SQCD with N 2 flavors described in tab. HH We 
easily hud that this theory gives the same partition function as the 4d theory in tab. [T^ and 
elliptic genus of the 2d SQCD in tab. HH If we consider the Seiberg dual of this theory in 
tab. HH then its zero-mode theory becomes the 2d SQCD with (A^i, N 2 , N 3 ) —)■ {N 2 , N^, Ni) 
and hence the 4d partition function is the same as the elliptic genus of the 2d SQCD. Thus 
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Table 15: The Seiberg dual of the 4d SQCD described in tab. [H] giving the elliptic genus 
of the 2d A/" = (0,2) SQCD with {Ni, N 2 , N^) (N 2 , N 3 , Ni). This theory has the rank 

{N 2 + — Ni)/2 and the superpotential W = M[Q[Q'^. 

the 2d (0, 2) triality guarantees the 4d duality for the partition function on x and the 
(0, 2) triality for the elliptic genus comes from the Seiberg duality for the partition function 
on X It is interesting if we further test this in other observables or hnd more physical 
arguments as in connection between 4d and 3d dualities [27]. 

7 Conclusion and discussions 

In this paper we have studied the partition function of 4d A/" = 1 supersymmetric gauge 
theory on x S^. We have shown by supersymmetry localization that the partition function 
on X is given by elliptic genus of 2d A/" = (0, 2) gauge theory and obtained the exact 
formula. This result is natural extension of the previous study [1] in theory with only chiral 
multiplets. Although [2] also discussed theories with vector multiplets, they did not taken the 
gaugino zero mode into account and did not obtained hnal formula. We have appropriately 
treated the gaugino zero mode by relating our analysis to the careful analysis of the elliptic 
genus [Ij. 

Our result shows that if we consider certain 4d SUSY gauge theory on x then we 
have corresponding 2d SUSY gauge theory on T^, which gives the same partition function. 
This fact enables us to hnd nontrivial relations between properties of 4d and 2d supersym¬ 
metric gauge theories. Indeed we have shown that the 2d (0, 2) triality [7] for the elliptic 
genus comes from the 4d Seiberg duality [8] for the partition function on x Another 
possible attractive direction, which we have not pursued here, is symmetry. We have shown 
that the x S'^ partition function is given only by the zero-modes along S'^, which is de¬ 
scribed by the 2d A/” = (0,2) supersymmetric theory. This fact implies that the sub-sector 
of the 4d A/" = 1 theory would have hidden inhnite dimensional symmetry at infrared hxed 
point. It is interesting if we can relate our result to recent arguments on hidden symmetries 
in 4d [28l [29l [30], [31]. Also, some 2d CFTs have higher spin symmetry and are expected 
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to be dual to Vasiliev theory on AdSs (see e.g. [32]). It would be illuminating if we can 
engineer 4d theories on x S^, which give elliptic genera of 2d supersymmetric CFTs with 
higher spin symmetries [Ml Ml Ml EE] . 

It would be interesting to study the partition function of A/” = 2 Gaiotto theory [37] on 
X S^, which is obtained by compactihcation of the 6d J\f = (2,0) theory on Riemann 
surface, and hnd T^x version of the AGT relation [38] • For this purpose, previous studies 
on 4d superconformal index [39] would be helpful. It is known that the 4d superconformal 
indices of class S theories correspond to correlation functions of 2d TQFT on the Riemann 
surfece 001 . We expect that the x partition functions of the class S theories have also 
similar structures. 

One of remaining questions is on factorization of supersymmetric partition functions 
|41] . It is known that partition functions of supersymmetric theories on some spaces exhibit 
structures like Heegaard decomposition of the spaces. For example, 3d A/" = 2 theories 
on squashed S'^ x and S^lXk can be interpreted as particular gluings of partition 
functions on x [4^ 143] M]. There is much evidence for this obtained by integration of 
Goulomb branch localization formula [m SSI SEl ST] and direct derivation by Higgs branch 
localization [48] 149] for some theories (see also another argument [50] and similar structures 
in 2d [SH Ml ESI ES])- Similar structure also appears on 4d superconformal index, which is 
partition function on x [551156] . It is natural to wonder if the partition function on 
X can be also interpreted as a gluing of partition functions on x D^. Indeed if we 
further add the deformation term 


Ch = S 


Tr((4*'A — C^A)h(0) , with h(0) = ^ — const, x 


(7.1) 


then bosonic part of £vec plus Ch is given by 

+ \(X2 + - \(D - m)?- 


(7,2) 


Gombined with the action of the chiral multiplet, we can show that the saddle point of local¬ 
ization is described by supersymmetric vortex solution with one supercharge. Therefore we 
can perform Higgs branch localization by using this deformation term in principle. However 
one of the vortex equations given by fl7.2l) exists not only on the north or south pole on 
but also exists on every point on S"^. Moreover the vortex preserves only one supercharge. 
These are different from usual story of the factorization, where the vortex equation (anti¬ 
vortex equation) preserves two supercharges, appears only on the north pole (the south pole) 
in saddle point and each of their world volume theory is captured by 2d A/" = (0, 2) theory or 
its dimensional reductions. Since the vortex preserves only one supercharge for our x 3“^ 
case, its world volume theory seems to be 2d A/" = (0,1) theory, whose partition function 
has been less studied. Thus, if factorization occurs also for x then its structure would 
be slightly different from the usual story. It is interesting to further pursue this direction. 
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A Convention 


Here we summarize our convention of spinors, which is based on [iniiis]. We have two Weyl 
spinors in representations of the rotational group 50(4) = 50(2)+ x 50(2)_: (a in 50(2)+ 
doublet and (d = 1,2) in 50(2)_ doublet with a,a = 1,2. We dehne contraction, upper 
and lower indices as 

Cx = CXa, Cx = CaX“, Ca = C« = (A.l) 

with = +1, ei 2 = — 1. We also dehne Hermitian conjugates as 

(c*)“ = (Ca)‘. (c*)d = (n*- (A.2) 

The sigma matrices are given by 

(A.3) 

where /t, z) = 1, • • • ,4 are local Lorentz indices and a denotes the Pauli matrices. These 
satisfy the following useful identities 


T 2(5^p, o'jx<Ju T 25^j), 

where €1234 = 1 and 


(A.4) 


(A.5) 


B Eta function and theta function 

Here we briehy summarize properties of the Dedekind eta function and Jacobi theta function. 


B.l Eta function 

The Dedekind eta function is dehned by 

00 

r;(r) = gM n(l - g”), (B.l) 

n=l 
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where 


This has the following properties 


q = 


^Ttir 


r/(r + 1 ) 


e^ 2 rj{T), ? 7 (— 1 /r) = \/—iTri{T). 


(B.2) 


(B.3) 


B.2 Theta function 

The Jacobi theta function is defined by 




k=l 


where 


y = e 


27Tiz 


This satishes some transformation properties 


ei{T\z + a + bT) = with a,beZ, 


l,z 


6^1 (r + l\z) = 04 9 i{t\z), 6 i ( —|— ) = —i\/—iTe ^ 6 i{t\z). 


T T 


The following formula is useful for picking up residues 


du 


(_l)a+6g 


a-\-b ^inb^T 


‘2m Ju=a+bT Oi{t\u) 2nT]%T) 


with a,b E 7^. 


(B.4) 


(B.5) 


(B,6) 


(B.7) 


C Zeta function regularization and scheme dependent 
factor 


The one-loop determinants are expressed in terms of the following infinite product 

JJ {ni+n2T + z). (C.l) 

ni,n2€Z 

Since this inhnite product is divergent, we have to specify a regularization scheme. We 
evaluate the infinite product by the two different ways and see the scheme dependent factor. 
First, we split the infinite product as 

OO 

JJ (ni +n2T + z) = JJ (niT + 2:) JJ (-n^) 

ni^n2G'^ tiiEZ n2 = l 

= 2(— 1 ) 2 sin7r(nir-|-z) (C.2) 

ni G'Z 


^ _ {niT + zY 
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From the first line to the second line in the above equation, we have used nz 
z^/in?) = siuTT^; and e^”=i® = 27r(— 1)“^. We split the above 
divergent inhnite product as 

CX) 

2(-l)^sin7r^ 

n=l 

(C.3) 

Again we have used the zeta function regularization ~ ~ 

g3:C(-i) = Then we obtain a regularized inhnite product as 

(n + mr + z) = (C^-4) 

In our paper, we adapt this regularization scheme and also include fugacity independent 
over all constant i in front of the one-loop determinant which is not hxed by the localization 
argument. 

Next, we evaluate the inhnite product by another regularization scheme. We introduce 
the following regularized inhnite products by the double gamma function V 2 {z\uji,uj 2 ) or 
double zeta function z\uji,uj 2 ) as 

{nibJi +n20J2 +z) ■.= T2{z\bJi,bJ2)~^'■= {s = (C.5) 

ni,n2>0 

with 



2(—1) 2 sin 7r(nr + z) = 

n£X 


C(s, 2 :|a;i,W 2 ) := ^ {uiUi + n 20 J 2 + z) 

ni,n2>0 


(C.6) 


Then we dehne a regularization of fIC.ip in terms of the double gamma function as 


{ni+n 2 T + z) = [r 2 ( 2 ;|l,r)r 2 ( 2 r - r|l,-r)r 2 (l - 2 ;| 1 ,-r)r 2 (lr - 2 r|l,r)] 

ni,n2GZ 


-1 


V{r) 


(C.7) 


From the hrst line to the second line, we have used proposition 2 in [FT] . 

In the second regularization scheme an additional factor appeared in flC.7p . 

This factor breaks invariance under the large gauge transformation or integer shifts u —)■ 
M -|- n, (n G Z). Although, it is not clear that this factor have physical meaning or it can be 
eliminated by local counter terms in 4d, we briehy study the cancellation conditions of this 
anomalous factor. The coefficients of quadratic terms for fugacities u and ^ and a in the 
exponential are proportional to 


u u 


; Tr,dj(77“i7') + - l)TrR,(i7“77'), 


(C.8) 
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(C.9) 

i 

(C.IO) 

Ii_i M 

(C.ll) 


r.ri>l m=-^ + l 


Here {H^-} ,\g\ is the generator of Cartan subalgebra of Lie algebra of G. flC.811 and flC.9l) 
are same as the coefficients of gauge-gauge and gauge-flavor anomaly, respectively and also 
fIC.lOp . fIC.lip are the one of flavor-flavor anomalies. When the gauge-gauge and gauge-flavor 
anomalies in two dimensions are canceled, the one-loop determinant is invariant under the 
integer shift. Next linear terms in the exponential is written as 






(i,a) 

f ■ 


(C.12) 


The coefficient of in flC.12p is proportional to axial anomaly in two dimensions. The 
fugacity independent factor is given by 


D Monopole spherical harmonics on S‘^ 

In this appendix, we briefly summarize properties of monopole spherical harmonics on S'^. 


D.l Scalar Monopole spherical harmonics 

Laplacian on 8“^ is given by 


2 

A52 = -(1 + zzfd^ds - ^(1 + (^-1) 

The scalar monopole spherical harmonics Wjm satisfies 

i^{.i T 1) ^rjmi J ^rjm J (J T Js^rjm 

j dzdz^gs2 (^'2) 

where 

^ = y.Y + l.--'. (D.3) 
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D.2 Spinor Monopole spherical harmonics 

Dirac operator on S'^ in our notation is 


{a^D, + a^D,y^ = - 


Then, the spinor harmonics satisfy 


0 

(1 + zz)d^ - ^z 


(1 + zz)ds + ^z 

0 




where J = + I, - ■ ■ , and 


(V'r-lJm)a 

This relation leads the useful identities 

0 


_ J_ f ±h"rJm 
\/2 \ 


[a^Di + d'Da) 


J + 


1\ (r - 1)2 / 0 


4 vi; 


- r—2Jm 


D.3 Vector spherical harmonics 


(D.4) 


(D,6) 


(D,6) 


^rjm 
0 


(D.7) 


Here we need only usual vector spherical harmonics. According to notation of H, the 
harmonics satisfy 

= - (J( J + 1) - 1) Cfj„, = -V J( J + 

= 0 , = 0, Df\‘iclj^ = - \/J( J + 




(D.8) 


E 2d supersymmetric gauge theory on 

In this appendix we write down actions and supersymmetric transformations of 2d A/" = (2, 2) 
vector multiplet, M = (2, 2) chiral multiplet, M = (0, 2) vector multiplet, N = (0, 2) chiral 
multiplet and M = (0, 2) Fermi multiplet on T'^. 
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E.l J\f = (2,2) vector multiplet 


Lagrangian for M = (2, 2) SYM can be obtained by dimensional reduction of 4d M 
on flat space along (1, 2)-direction; 


£ = Tr 

-'^vec ^ 




-D^ + -\a^^D~X + -Xa^^D.X 

o y p ' o p 


1 SYM 


(E.l) 


where J^ij = —i[Ai,Aj\, Fpi = DpAi, Di[-) = —i[Aj, (•)]. The action is invariant under 

5Ap = iCcTpX + iC^pX, 

5X = 

(5A = Fp.a^\-tDC, 

6D = -Ca>^DpX + Ca>^DpX. (E.2) 


E.2 J\f = (2,2) chiral multiplet 

The Lagrangian for J\f = (2,2) chiral multiplet is also obtained by dimensional reduction of 
4d AA = 1 chiral multiplet: 

£chi = Dp^D^cf) + ^Dcj) — FF + iipa^Dpip + i\/2(0A'0 — '0A0), (E.3) 

and the supersymmetric transformation is 

S(j) = Vac'll:, 

= V2FC + iV2{af^C)Dp(P, 

6F = - 2i(CA)0, 

50 = \/2C0, 

50 = y/2F( + iV2{a^()Dp^, 

6F = i\/2Ca^T)^0 + 2i0(CA). (E.4) 

We can also add superpotential term: 

£pt = Fm + FWi - (E.5) 


E.3 (0, 2) SYM 

We can get Lagrangian and SUSY transformation of (0,2) SYM by taking 


Ca = 


0 

C+ 


r = 


c+ 

0 


X(\ 


A“ = 


A. 


Then we hnd 


£t — Tr 


_pp<ip 

^ -Jpq 


:D^ + A_|_iA,j)A_|_ 


(E.6) 


(E.7) 
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and 


5A.W — —2(^_|_A_|_ + 2^_|_A_|_, 5A.U, — 0, 

(5A+ = *J'34C+ + *-DC+, (5A+ = iJ^MC+ - *-DC+, 

5D = iC+Di^X+ - <+£)^A+. (E.8) 


E.4 (0, 2) decomposition oi M = (2, 2) chiral multiplet 

Let us take 



and decompose the matter fermions as 



(E.9) 


(E.IO) 


Then, we can decompose M = (2, 2) chiral multiplet into (0, 2) chiral and Fermi multiplet. 
Lagrangian for (0, 2) chiral multiplet is given by 


Cq, = +'0-^+0)- 

This is invariant under 

6(f) = +\/2C+?/;_, (50 = +V2C+0_, 

(50_ = \/2C+T)^0, (50_ = \/2(f+Dw^. 

Lagrangian for Fermi multiplet without potential is 

which is invariant under 

(50+ = y2FC+, (50+ = V2FC+, 

6F = +\/2^+iA,j)0_|_, 6F = F^/^C,+Dw'4^+- 

We can also add potential in supersymmetric way: 

= +0+DtD0+ - FF + EF + EF - - 'Ip+'lfj^, 

where 

~ ~ BE ~ BE~ 

F = F(0), F = F(0), = = 

B(F B(f>^ 

Note that this potential terms themselves are (5-exact: 

Hi>+E) = Vx+{FE - H’i’+E) = V2 Ufe - 


(E.ll) 

(E.12) 

(E.13) 

(F.14) 

(F.15) 

(F.16) 

(F.17) 
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Hence elliptic genus should be independent of parameters in E and E. Redefining 


G = E-E, G = F-E, (E.18) 

we rewrite the Lagrangian as 

= +^+Dijjip+ - GG + EE - (E.19) 

where supersymmetric transformation is given by 

= V2{G + E)C+, = ^/2(G + E)C+, 

6G = +\/2C+E>^dV'+ - V2C+^-, SG = +V2C+D^2P+ - (E.20) 
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